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ABSTRACT

A higher order numerical approach for solving 1-D parabolic PDEs, such as the Diffusion and
Advection-Diffusion-Reaction (ADR) equations, is developed and studied in this work. The proposed
approach uses the Crank—Nicolson traditional finite difference method (FDM) for time discretization
and a fourth-order compact finite difference method (CFDM) for spatial discretization. The accuracy
and efficiency limits of the explicit, implicit, and Crank-Nicolson finite difference methods (FDM) are
highlighted in this we use operator-based and Taylor series techniques, a compact study is created to
overcome these issues, producing a solution that uses fewer grid points while achieving higher accuracy.
The stability of the scheme is analyzed using Von Neumann ( Fourier analysis). A comparative study
of CFDM is conducted through Python implementation on a variety of problems involving diffusion,
advection, and reaction with constant coefficients. The results show that CFDM yields more accurate
and efficient solutions than traditional methods. The work concludes by outlining future directions, par-
ticularly the extension of the scheme to PDEs with variable coefficients, for which initial developments
are underway.
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Chapter 1

Introduction

The equations involving partial derivatives of function of several variables is known as Partial Differen-
tial Equation. PDEs play on important role in physical phenomena like modeling dynamics, describing
spatial and temporal variations, conservation laws, describing diffusion and transport processes, wave
propagation etc.

Higher order PDEs can be classified based on the form of the equation and the nature of their solu-
tions. General form of n'”" order PDEs in two independent variables,

(aoD" +aD""'D +aD"'D? + ...+ a,_ DD+ a,D Yu = f(x,y) (1.0.1)

an

ox"?

where D" = n— % with ag,a, # 0.

1.1 A general form of Quasi linear / Semi linear PDEs

Second-order quasi-linear or semi-linear PDEs govern a large number of physical problems in math-
ematical modelling. These equations maintain linearity with regard to the highest-order derivatives,
although they are not entirely linear in all terms.

Definition

A quasi-linear or semi-linear PDEs is a second-order PDEs in which the highest-order derivative terms
appear linearly, although their coefficients may depend on the independent variables.
The general form of such an equation in two variables is,

Aty + Buyy + Cuyy + F (x,y, 1y, uy,u) = G(x,) (1.1.1)

here, A,B,C,F, and G are functions of x,y. The function u = u(x,y) is unknown function of variable x
and y.
The classification of second-order PDEs given in equation (1.1.1) is based on the discriminant A of the

quadratic form which is given by,
A =B*—4AC (1.1.2)

Second order PDE are classified into three categories using equation (1.1.2)),
* PDE is hyperbolic if A > 0. For example
U = czuxx (One-dimensional heat equation) (1.1.3)
* PDE is parabolic if A = 0. For example

Uy = czuxx (One-dimensional wave equation) (1.1.4)



* PDE is elliptic if A < 0. For example

Uxx +uyy =0 (Two-dimensional Laplace equation) (1.1.5)

In order to verify that the problem is well-posed and has a unique solution, suitable beginning and
boundary conditions must be specified for the diffusion equation (1.1.3). These conditions typically
include,

* An initial condition specifying the state of the system at initial time t = O,
u(x,0) = ¢(x) (1.1.6)

* Boundary conditions that define the nature of the solution at the ends of the spatial domain x =0
andx =1L,

M(O,I):WL(Z), u<Lat):ll/R(t) (1.1.7)

Here, L represents the length of the domain (for example, a rod). These prescribed conditions allow
us to apply finite difference methods for obtaining a numerical solution, which we shall explore in the
following sections.

1.2 Importance of Parabolic PDEs

Parabolic PDEs play a foundational role in the mathematical modeling of time-dependent processes
involving diffusion, transport, and transformation phenomena. These equations describe how quantities
such as temperature, concentration, or population density evolve over time under the influence of spatial
gradients and localized interactions.

The one-dimensional general parabolic model studied in this thesis is given by,

u u 0%u
E(xvz‘)_'—ﬁa(x?t) —I—}/u(x,t) = aﬁ(xat)

where,

* u(x,t) is the scalar field of interest (e.g., temperature, chemical concentration),
e o > 0 1s the diffusion coefficient,

* [ is the advection or convection velocity,

* 7Yis areaction or absorption coefficient.

The parabolic equation has three fundamental sub-classes of parabolic PDEs depending on the values of
B and 7y, each corresponding to different types of physical behavior as follows

1.2.1 Diffusion Equation (8 =0, y=0)

When both the advection and reaction terms vanish, equation (4.1.1) reduces to the traditional diffusion
equation,
u %u

E(X,I):(XW(X,I) (1.2.1)

This equation (1.2.1) models pure spreading behavior where the quantity u(x,) diffuses from regions of
high concentration to low concentration. It arises in,

¢ Heat conduction in solids,



¢ Molecular diffusion of solutes in fluids,
* Population dispersal in ecological systems,
* Smoothing in image processing.

Solutions exhibit the characteristic behavior of flattening over time - disturbances in the system are
smoothed out as they propagate.

1.2.2 Advection-Diffusion Equation (y =0,  # 0)

When a nonzero velocity f3 is present but no reaction occurs, the PDE becomes the advection-diffusion
equation,
du d%u

u
E(X’I)+ﬁ$(x’t) = aW(X’t) (1.2.2)

This equation (1.2.2) models combined transport and spreading, where the quantity is both carried by a
flow and diffused due to concentration gradients. It arise in,

Pollutant transport in rivers or atmospheric flows,

Heat convection in fluids,

Drug delivery in bloodstreams,

* Contaminant dispersion in porous media.

The nature of the solution is governed by the Peclet number P, = |§ , High P, cases (advection-
dominated) create sharp fronts and boundary layers, requiring accurate schemes to avoid artificial diffu-
sion and oscillations.After classifying the parabolic PDE, Now in this work our primary objective is to
determine the solution u(x,) over the domain [0,L] x [0,7]. In some idealized cases, where the coeffi-
cients «, B, and 7y are constant, the domain is regular, and the boundary and initial conditions are simple
and compatible, exact analytical solutions may be derived using traditional methods such as separation
of variables, integral transforms, or Green’s functions. These solutions are valuable for understanding
the qualitative behavior of the system and serve as benchmarks for validating numerical schemes.

However, exact solutions are typically limited to highly simplified scenarios. In most real-world appli-
cations, the governing equations involve spatially or temporally varying parameters, nonlinear reaction
terms, non-uniform geometries, or complex boundary conditions, which render analytical approaches
intractable. Even when exact solutions do exist, they may involve special functions or infinite series that
are difficult to evaluate efficiently or converge too slowly to be practical. These challenges make exact
solutions inadequate as general-purpose tools for modeling and simulation in science and engineering.

Consequently, it becomes necessary to use on numerical methods to obtain approximate solutions with
controllable accuracy. Numerical techniques allow us to solve parabolic equation, under general condi-
tions, variable coefficients, irregular domains, and nonlinearity. Among these methods, finite difference
methods (FDM) are particularly attractive due to their conceptual simplicity, ease of implementation,
and efficiency on structured grids. traditional finite difference schemes such as Forward-Time Central-
Space (FTCS) discussed in the section Backward-Time Central-Space (BTCS) discussed in the
section [1.4.2] and Crank-Nicolson discussed in the section (1.4.3| are widely used. However, they are
generally limited to second-order accuracy in space and may suffer from numerical diffusion or insta-
bility, especially in advection-dominated problems.

To overcome these limitations and achieve high-order accuracy without significantly increasing com-
putational cost, we focus on solving the equation using compact finite difference methods (CFDM).

4



These methods achieve higher spatial accuracy by incorporating additional information from neighbor-
ing points through compact stencils, resulting in fourth-order accuracy using only three-point spatial
approximations. Unlike wide-stencil high-order schemes, CFDMs are efficient, easy to implement near
boundaries, and better suited for problems where fine spatial resolution is required but grid refinement
i1s computationally expensive.

In this work, we construct two compact schemes tailored to the general parabolic PDE.The first is an
operator-based compact scheme designed for the diffusion equation discussed in the section 2.2 The
second is a generalized fourth-order compact scheme applicable to the full advection-diffusion-reaction
(ADR) equation discussed in the section

The proposed methods are analyzed for stability and convergence and are validated through numerical
experiments that demonstrate their superior performance compared to traditional second-order schemes.

1.2.3 Advection-Diffusion-Reaction Equation (y # 0, 8 # 0)

The most general case occurs when both advection and reaction mechanisms are active. Equation (4.1.1)
then represents a full advection-diffusion-reaction (ADR) model,

u 02

0
E(x,t)%—ﬁa—Z(x,t)ﬁ-}/u(x,t) = Oca—xl;(x,t) (1.2.3)

Here, the reaction term yu(x,¢) may represent,

* Linear decay (y > 0),

* Growth or source terms (y < 0),

* Coupling to more complex nonlinear reaction kinetics in extended models.
ADR equations appear in:

* Combustion and flame propagation,

Biological and ecological dynamics (e.g., predator-prey, disease spread),

Reactive transport in chemical reactors,

Electrochemical systems and population models.

These systems are typically more challenging to simulate due to the interaction between transport and
localized transformations, often leading to stiff dynamics or pattern formation.

1.3 Important definitions

Finite Difference Method (FDM)

FDM is a numerical technique that transforms a differential equation into a system of algebraic equations
by discretizing the continuous domain (such as space or time) into a finite set of grid or mesh points. At
these discrete points, derivatives in the original equation are approximated using finite differences-that
is, differences between function values at neighboring grid points. In essence, FDM replaces continuous
derivatives with discrete difference quotients, typically derived by truncating the Taylor series expansion
of a function u(x,y), as shown in equation (1.3.1)),

Finite difference methods are categorized as follows:



1. Explicit methods: These compute the solution at each spatial point for the current time level ¢/
directly using known values from previous time levels, involving only simple arithmetic opera-
tions.

2. Implicit methods: These require solving a system of algebraic equations involving unknown
values at the new time level /11, often using matrix-based or iterative solvers.

Additionally, depending on how many time levels are involved in the discretization, the methods are
classified as:

* Two-level methods: Involve values at two consecutive time levels (e.g., t/ and t/ 1,

* Three-level methods: Use values at three time levels (e.g., #/~!, #/, and t/*1).

Here, we describe the numerical technique to approximate the derivatives by truncation of Taylor series
expansion of a function u(x,y) given in equation (1.3.1)),

du du

u(x,t) ~ u(xp,to) + =— (x—x0)+—= (t —1to)
9x (x0,10) Jt (x0,¥0)
1 | 0%u 0%u 2%u
— | = (x—x0)2+2 (x—x0)(t —19) +== (t—10)*| +---  (1.3.1)
2! [8x2 (x0,10) dxdt (x0,t0) or? (x0,10)

By using this we can construct the finite difference scheme for PDEs. Now if we have five points in such
a way that shown in the Figure (I.3.1)),

Let u(x,t) denote the temperature at position x € (0,L) and time 7, along a thin rod of length L, where
heat flows with diffusion constant &. The spatial grid points are defined as x; = ih for i =0,1,...,M,
withxg =0, xyy =L, and M = % Time is discretized as t; = jk for j =0,1,...,N.

t/\
i,j+1
At
~ ~
3 . : —X X . J
% l_lv.] Ax 1,] Ax l+17.] S:/
At
i,j— f<
X
0 u(x,0) = f(x) L
Figure 1.3.1: Five point stencils
* First Order Forward Difference operator for first derivative at (x;,?;)
ool —ud
Ouu| = % + O'(h) (1.3.2)
i
j AU
Su| = % +Ok) (13.3)
i




* First Order Backward Difference operator for first derivative at (x;,;)

il —y

St :lTl_l-i—ﬁ(/’l) (1.3.4)
i
J j_ o J—1

Su :%+ﬁ(k> (13.5)
i

* Second Order Central Difference operator for first derivative at (x;,7;)

j_”{;rl_“{—l O(h)> 13.6
~_W+ (h) (1.3.6)

1

O

_ 4 L4 O(k)>? (1.3.7)

* Second Order Central Difference operator for second derivative at (x;,7;)

Il =2+l

S| = —H— =+ 0(h)? (1.3.8)
l
oot o !

Suu| =~ e +0(k)? (1.3.9)

Three traditional finite difference methods are commonly used: Forward-Time Central-Space method
(see [1.4.1), Backward-Time Central-Space method (see [1.4.2)), and the Crank-Nicolson method (see
[[.4.3). These methods differ in how they discretize the time derivative and are categorized as explicit,
implicit, and Crank-Nicolson scheme, respectively.

Stability of Numerical scheme

A finite difference scheme is defined to be stable if the numerical solution stays bounded as the number
of time steps grow (or as the grid gets refined), for a fixed time interval. i.e., If small perturbations in the
data or round-off errors do not increases as the computation proceeds, the scheme is stable or If errors
grow exponentially with time, the scheme is unstable.

Why stability is very important for any numerical method?

When solving PDEs (for instance diffusion equation), we iteratively calculate the solution forward in
time. If the method is unstable, then even a small error at one time step can grow fast enough to render
the entire solution completely meaningless.

Truncation Error

Local truncation error (LTE) is the error associated with a single time step in the finite difference scheme
when the exact solution is substituted into the finite difference scheme. It is a measure of how close the
finite difference approximation is to the original differential equation. Let us consider diffusion equation

ou_ 7
dr  dx2

and a difference scheme F(u), the truncation error is:

2
A ”) (1.3.10)

LTE = F(M(xl‘,tj)) — <§ — aﬁ

7



Consistency

Consistency refers to how accurately a finite difference scheme approximates the original PDEs. A
numerical method is said to be consistent with the PDE if the local truncation error tends to zero as the
grid spacings /& (in space) and & (in time) approach zero. Mathematically, this is expressed as,

li i(h,k) =0 1.3.11
ha()l,nlgaorl( ’ ) ( )

where 7;(h, k) denotes the local truncation error at the i grid point.

Numerical Convergence

A finite difference method is said to be convergent if the numerical solution obtained from the scheme
approaches the exact solution of the PDEs as the grid spacings # — 0 and kK — 0. That is, the global
error between the numerical solution and the exact solution tends to zero as the discretization becomes
finer. i.e.,

u(xi,tj) — U’

lim ;

=0 1.3.12
h—0, k—0 ( )

for all grid points (x;,?;) in the domain.
Statement: Lax Equivalence Theorem

The Lax Equivalence Theorem is a fundamental result in numerical analysis of finite difference methods
for linear initial value problems.

For a well posed linear initial value problem and a consistent finite difference approximation to it, sta-
bility is a necessary and sufficient condition for convergence.

In simple terms:

 If a method is consistent (i.e., the finite difference approximation correctly represents the PDE),
and

* If the method is stable (i.e., errors do not grow uncontrollably in the iteration),
e Then the method will converge (i.e., the numerical solution approaches the exact solution as the

grid is refined).

Order of Convergence

The order of convergence of a finite difference method describes how fast the numerical solution ap-
proaches the exact solution as the grid spacings & (space step) and k (time step) tend to zero. i.e.,

u(xi 1)) — Ul | = O(hP +k9) (1.3.13)
This means:
* The error decreases proportionally to i as the spatial grid size h decreases.
* The error decreases proportionally to k7 as the time step k decreases.

A higher order of convergence implies a more accurate method for the same grid size. The values of p
and g are typically determined from truncation error analysis.
For the Crank-Nicolson method, we derived in equation (I.4.13)),

7= O(k* +1?) (1.3.14)

8



So, Order of convergence in time and space is two.

In this work we are computing the numerical error with respect to the exact solution by applying the
methods to a range of parameter values including the grid sizes & and k, and the coefficients o, 3, and
Y. The numerical error was calculated using the maximum absolute error, defined by (1.3.15)),

(1.3.15)

Y

_ J
E = max )u(xhtj)exact —U;
L]

where u(x;,1j)exact 1S the exact solution and u{ is the numerical approximation at the grid point (x;,7;).
In addition, we assessed the computational order of convergence for each scheme using the formula,

0= @, (1.3.16)
log (%)

where E;| and E; are the maximum errors corresponding to spatial step sizes /; and h;, respectively.

1.4 Finite Difference Schemes for Parabolic PDE

In this section, we discuss the traditional finite difference method (FDMs) that are used to solve PDEs
numerically. By discretising time and space and approximating derivatives using finite differences, these
techniques offer workable answers to issues that would otherwise be challenging to resolve analytically.
We focus on three popular schemes as follows,

1.4.1 Forward-Time Central-Space scheme (Explicit Method)

t/\
N i,j+1 f\:
S X &
= =
k
1_17] h la] h l+17j
X
0 u(x,0) = f(x) L

Figure 1.4.1: Forward-Difference Stencils

The scheme given in equation (I.4.1) is an explicit method (because the scheme is for direct solution
and we are not using the previous time level to calculate the solution) or two level difference method
scheme or smith Method.

J+1 J J A, J
wp  —u | Y 2u; +uy;_
k h2




taking A = %
' =ul 12 ul — 2 (14.1)

1

If 2 = 1 in this scheme (1.4.1), is called Bender Smith method i.e u! i+ =1 [uljﬂ + ”{71} :

The Explicit scheme 1| is conditionally stable for 0 < A < %

Now, the Von-Neumann stability condition helps to ensure that errors do not grow uncontrollably as the
computation progresses.The explicit finite difference scheme is given by equation (1.4.1), we are using
m and n for representing the discretization of space and time respectively.

ultt =+ A [ul g — 2ult + ulh ] (1.4.2)
Let u,,be the numerical solution of the difference equation, the
Uy = Uy, +
where €, is error due to rounding off or computational mistake.
entl =gl + A [el, —2eh+er_|]

eptl=[1-2Alel +A [l — €] (1.4.3)

we assume a group of error in introduced at the initial level # = 0 which propagates forward in accordance
with above equation. For a differential equation with constant coefficient, the error may be expanded in
a finite Fourier series, The error can be written as

0 0 n n n
ey =3 A& expuly, =u), + ¢
J

where g is error due to rounding off or computational mistakes (ifmh), and B = bana

P —ZA E™(j)exp(iBmh)

It is for a Linear Combination, the it is true for one term then
gy = A&E"exp(iBmh) (1.4.4)

here if || > 1,then it will be large. but || < 1,converge.

AE" L exp(ifmh) = AE"exp(iBmh) + A [AE™ exp (i (m + 1)h)
— 2AE" exp(iBmh) +AE" exp(iff (m — 1)h)]
§n+1

g

[Aexp(ifmh)] = (1 —2A)exp(iBmh) + A [exp(iBmh).exp(—iBh) +exp(iBmh)exp(ifh)]
§n+l

&

[Aexp(ifmh)] = (1 —2A)Aexp(ifmh)+ AA[expifh(m—1) +expifh(m+1)]

€n+1

&

=1—-2A(1 —cos0)

where @ = Bh and taking 5;—:1 =&
& =1—4Asin g

10



Accordin to the condition - 0
’1 —4lsin2§' <1

0
—1§1—4/lsin2§§1

if A >0then —1 < 1—4A sin? %, i.e. itis true for only A < % ie. Z—f < 5» So by this we can conclude
that it is a conditionally stable numerical scheme.

1.4.2 Backward-time central-space scheme (Implicit Method)

t/\
= hj+1 ) =
S f-1,;81 & R L+l 2
k
-
i,
X
0 u(x,0) = f(x) L

Figure 1.4.2: The Implicit stencils

The scheme given in equation (I.4.5)) is an implicit method (because the scheme is a recursion formula
for system of equation and we are using the previous time level to calculate the solution ). .

j+1 j j+1 j+1 +1
wl ™ —ul [ wl'y —2ul" +ul”
=

i i i+1
k h?

S OCk_i_[ oty ]+l:| i

i 2 i+1 i
taking 35 k—

= A 22wl - Al (1.4.5)

It is unconditionally stable, Now the Von-Neumann stability condition helps to ensure that errors do not
grow uncontrollably as the computation progresses, we are using m and n for representing the discretiza-
tion of space and time respectively. The backward times difference scheme or implicit scheme is given

by equation (1.4.5)),
uly = =2 [+ 22] i — At (1.4.6)

m m+1

Let u;, be the numerical solution of the difference equation, the
Uy, = Uy, + €
where €, is error due to rounding off or computational mistake.

e = —Aeltl +[1+24)ept! —2elt] (1.4.7)
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we assume a group of error at the initial time level # = 0 which moves forward in accordance with
equation (1.4.7)). In a finite Fourier series the error may be expanded, So the error term can be written as

g = ZAjéoexp(iﬁmh)
j

where f = /%

= Y A/E"(J) exp(iBmh)
It is for a Linear Combination, the it is true fjor one term then
gy =A&"exp(iBmh)
here if |&| > 1,then it will be large. but || < 1,converge.
A& exp(ifmh) = —AAE" Lexp (iB (m — 1)h) + [1 +2A] AE" L exp(iBmh)
— AAE L exp (iB(m+1)h)

AE"exp(ifmh) = —AAE" exp (iBhm) exp(—ifh) + [142A] x
AE" L exp(iBmh) — AAE™ T exp (iBhm) exp(iBh)
% = —2Acos0+1+21

where 6 = Bh and taking 5;1_:1 = &, According to the condition,

‘1+4Asinzg) > 1

0
—1< 1+4Asin2§

This condition is true for every value of A, so it is unconditionally stable.

1.4.3 Crank-Nicolson scheme

t/\
i—1,j+H1 ij+1 it+1,j+1
k
— 2 —~
~ ~
(=) . . R ~
T -1+ i+ 3 L ERES I
2
X
0 u(x,0) = f(x) L

Figure 1.4.3: The Crank-Nicolson stencils
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This scheme given in equation (1.4.8)) is called Crank Nicolson Method.

L e B L
w E[”m 2up  Fup L uly ) —2u] )

1
k 2 h? h2

jH1_ Ok [ J+1

j+1 j+l1 J J
i =y | M —2u; " tu +ul+1—2u +ul 1}4—14
where, A = Z‘—f
. A . . A . 7L . A

It is unconditionally stable, Now, the Von-Neumann stability condition helps to ensure that errors do not
grow uncontrollably as the computation progresses, we are using m and n for representing the discretiza-
tion of space and time respectively. The Crank-Nicolson scheme is given by equation (1.4.8)),

A
Wttt =y 4 = 5 (u ﬁ:rll =2l - 2ul ) (1.4.9)

Let the numerical solution contain an error:
n __ _true;n n
U, =1u, ~+E,

m

Then the error also satisfies the same Crank-Nicolson equation

A

Assume error in the form of Fourier modes:

gl = EnePmh  where h = Ax

€n+1 iBmh __ gn 1ﬁmh & |:§n+1(eiﬁh(m+l) 2elﬁhm+ezﬁh(m 1) )_i_g ( iBh(m+1) 2eiﬁhm+eiﬁh(m71))
2

én—i—l _ én_i_% [én—i-l(eiﬁh_l_e—iﬁh_2)+§n(€iﬁh+e—iﬁh_2)
Note: B 1 ¢=B" = 2 cos(Bh)
EM =E"+ A [E" (cosO — 1)+ E™(cos@ —1)]  where 6 = Bh

5"“ [1—A(1—cos@)]=E"[14+A(cosB —1)]

Thus
gl 1—A(1—cosH)
En 14+ A(1—cos8)

Let this ratio be the amplification factor G, then

_ 1—=A(1—cosH)
" 1+A(1—cosH)
G| = 1—A(1—cosB)
1+ A(1—cosB)

cosO € [—1,1] = 1—cos O €0,2], L > 0, Then

0< |G| <1 = Crank-Nicolson is unconditionally stable
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The scheme derived in section |1.4.3|is unconditionally stable.

We now move on to analysis of the Crank-Nicolson scheme’s truncation error. The local truncation
error will be measured by using Taylor series and we replace the exact solution with finite difference
scheme. In addition to verifying the scheme 2nd order accuracy in temporal and space. The Crank-
Nicolson scheme is given by section|1.4.3

J+1 J _ J+l A+l j+1
w T —ul _g( il 2u —I—ul 1+“i+1 2u; T +up

- o 2 (1.4.11)

k 2

Let us consider the the exact solution of diffusion equation is given by u(x,7), we on substituting into
this scheme and expand both sides using Taylor series to find the truncation error.

k2
wl T = (x,,tj+k)—u+ku,+3u,t+ﬁ(k3)
A
) k
= % =+ S+ O (k) (1.4.12)

At time level J,

- 2u] +ul h?
H—l 3 i—1 _ = U+ 12uxxxx+ ﬁ(h4)
At time level j+1,
j—H j+1 j+1 2
—2u! Hu h
l+1 };2 i—1 = Uy + Euxxxx+ ﬁ(h4)
Average of both:
h2
RHS =« (uxx + Euxxxx) + ﬁ(h4) (1.4.13)
Now by equation (1.4.12) and equation (1.4.13)), we get,
k w 2 14
U+ Sl =0l Uy + 1 e + Ok, h™) (1.4.14)
But from the PDE u; = Qutyy = ttyy = 0ty
= U+ K Pt = a1 + "
Uz 5 Uxxxx — Qlxx 12 Uxxxx
k , oh* 2 4
Which implies
=0k +0(h?)

Therefore, the Crank-Nicolson defined in section method is second-order accurate in both time and
space. k — 0, with order €' (k> 4 h?) i.e. it is second-order accurate in both time and space.

1.5 Motivation

In the previous sections, we have introduced the fundamental concepts of finite difference methods
(FDMs) for solving parabolic PDEs, including traditional schemes such as the Forward-Time Central-
Space (FTCS) in section Backward-Time Central-Space (BTCS) in section [1.4.2} and the Crank-
Nicolson method in section (1.4.3). These methods have been widely used due to their simplicity and
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structured formulation on uniform grids.

However, traditional FDMs are subject to several important limitations. like second-order accuracy
in space when using standard three-point central difference formulas. To handle limitations, compact
finite difference methods (CFDMs) are developed.

“Compact Finite Difference Methods (CFDMs) are high-order finite difference schemes that use
implicit, compact stencils involving only neighboring points to approximate derivatives with greater ac-
curacy, typically fourth order or higher, while maintaining computational efficiency.”

The need for CFDMs arises from the demand for high-resolution solutions in problems where tradi-
tional FDMs fail to deliver the desired accuracy without excessive grid refinement. In applications
involving diffusion, advection-diffusion, or advection-diffusion-reaction (ADR) equations, it is crucial
to resolve small-scale structures and sharp gradients efficiently. CFDMs offer a promising solution by
providing fourth-order accuracy while retaining a compact form, making them particularly attractive for
time-dependent and multiscale PDEs.

In the subsequent chapters, two distinct CFDM approaches for solving one-dimensional parabolic PDEs.
In Chapter (2), we present a compact operator-based scheme, which constructs a fourth-order spatial dis-
cretization using a differential operator applied to the diffusion equation. In Chapter (3), we introduce
a generalized compact finite difference method, which derives high-order approximations directly using
Taylor series expansions of the first and second derivatives, enabling its application to ADR equations.
These two schemes demonstrate the flexibility and power of CFDMs in addressing the limitations of
classical finite difference approaches.

1.6 Literature Survey

The numerical treatment of one-dimensional parabolic PDEs, particularly diffusion and advection-
diffusion-reaction (ADR) equations, plays a pivotal role in simulating physical processes such as heat
transfer, mass transport, and fluid flow. traditional finite difference methods (FDM), including explicit,
implicit, and Crank-Nicolson schemes, are widely used for such problems. However, their limited order
of accuracy and inefficiencies, especially in convection-dominated scenarios, motivate the development
of higher-order schemes. Compact finite difference methods (CFDM) have emerged as an efficient al-
ternative, providing enhanced accuracy using a smaller stencil and achieving higher convergence rates
while maintaining computational simplicity.

Dehghan developed and analyzed weighted finite difference schemes for the one-dimensional
advection-diffusion equation using constant coefficients. His work employed the modified equivalent
partial differential equation (MEPDE) approach, which offers a systematic way to derive and assess the
accuracy of numerical schemes by relating them to the underlying continuous models. This framework
revealed that new weighted schemes could eliminate numerical diffusion while outperforming conven-
tional two-level approximations in both accuracy and computational efficiency. Earlier, Spalding
contributed to this area by formulating novel finite difference approximations that treat convective and
diffusive terms jointly rather than separately. He showed that upwind schemes were advantageous for
problems with large Peclet numbers and emphasized that better analogues arise from approximating the
full differential operator rather than its individual terms.

Building upon these foundational works, Dehghan extended his methods to the three-dimensional
advection-diffusion equation [4]l, again employing the MEPDE technique. His analysis underscored the
ability of high-order explicit and implicit schemes to maintain stability and accuracy, even in complex
multi-dimensional domains. The study demonstrated that the combination of higher-order accuracy and
numerical robustness could be achieved by careful design, further justifying the transition to compact
schemes.

One of the most relevant works in the direction of CFDM is by Mohebbi and Dehghan [[19], who
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proposed a fourth-order compact finite difference method for solving the one-dimensional heat and
advection-diffusion equations. They coupled the spatial discretization with a cubic spline collocation
method for time integration, resulting in a method that was not only fourth-order accurate in space and
time but also unconditionally stable. This paper forms a theoretical backbone for the present study,
which employs a fourth-order CFDM in space and Crank-Nicolson in time.

Chemeda et al. [5]] further advanced this methodology by solving the nonlinear Fisher’s equation
using a fourth-order CFDM combined with Richardson extrapolation, thus elevating spatial accuracy
to sixth order. The Crank-Nicolson scheme was used for temporal discretization, while the nonlinear
term was linearized using a lagging technique. Their findings confirmed unconditional stability and
significant improvements in both accuracy and efficiency, making their method particularly suitable for
nonlinear parabolic PDE:s.

In terms of rigorous analysis, Sun and Zhang presented a linearized compact difference scheme
for a class of nonlinear delay PDEs. They established unconditional stability and convergence in the
L..-norm, with an accuracy order of O(7? +h*). Their results contribute significantly to the theoreti-
cal underpinnings of CFDM, especially for time-dependent nonlinear systems with delay effects, and
validate the convergence behavior observed in high-order schemes like those used in the present study.

Another notable contribution comes from Roul and Kumari [28]], who proposed a nonuniform mesh
CFDM to solve singular boundary value problems in electrohydrodynamic flow (EHF). By constructing
a graded mesh near the singular point and adapting the compact scheme accordingly, they achieved
fourth-order spatial accuracy even in the presence of rational nonlinearities and singularities. Their
study demonstrates the adaptability of CFDM to complex geometries and boundary behaviors, aligning
well with the proposed future extension of this work to variable coefficient PDEs.

In the domain of financial mathematics, Roul et al. applied a high-order compact finite dif-
ference method to the generalized Black-Scholes equation. Their approach involved a semi-discrete
Crank-Nicolson scheme in time followed by CFDM in space, resulting in highly accurate solutions that
matched exact benchmarks. This further illustrates the versatility and strength of CFDM in handling
both physical and financial parabolic PDEs.

A comprehensive foundation for CFDM is provided in the work of Spotz [30]], who developed a gen-
eral class of high-order compact (HOC) finite difference schemes that achieve higher accuracy while
using a compact stencil. His approach leverages the governing differential equations to cancel out
leading-order truncation error terms in central difference schemes. Spotz first applied these methods
to steady convection-diffusion problems and later extended them to solve the streamfunction-vorticity
formulation of the steady 2D incompressible Navier-Stokes equations. Even on coarser grids, the HOC
schemes achieved results comparable to those from standard methods on finer grids, and they exhib-
ited reduced spurious oscillations. Importantly, he extended the HOC framework to nonuniform grids
through coordinate transformation techniques and further generalized the schemes to transient prob-
lems, nonlinear Poisson equations, and 3D linear Poisson problems. Despite higher condition numbers,
Spotz demonstrated that certain iterative solvers converged faster for HOC systems. He also analyzed
the implications of grid mapping accuracy and proposed strategies for computing compact grid metrics
when grid generation is governed by differential equations. His findings confirm that HOC schemes,
especially when combined with implicit time integration methods like Crank-Nicolson, offer an uncon-
ditionally stable and computationally advantageous alternative for complex PDE problem:s.

In summary, these studies establish compact finite difference methods as superior alternatives to tra-
ditional schemes, especially when combined with time integration methods like Crank-Nicolson. The
literature confirms that CFDM offers improved accuracy, stability, and computational efficiency, making
it a robust tool for solving one-dimensional parabolic PDEs. The present work extends this foundation
by implementing a fourth-order CFDM combined with the Crank-Nicolson scheme in Python for solv-
ing diffusion and ADR equations with constant coefficients. The stability of the scheme is analyzed via
Von Neumann analysis, and its performance is validated through comparative studies. Future work will
aim to generalize the method for PDEs with variable coefficients, inspired by the flexibility and success
of nonuniform CFDM and HOC schemes seen in the literature.
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Higher-order numerical schemes are critical in finite difference methods because they offer more ac-
curacy with fewer grid points, which improves computational efficiency. The higher the order, the more
rapidly the truncation error is reduced when the grid is made finer. For example, decreasing the grid
size by half in a second-order scheme decreases the error by four, whereas a fourth-order scheme de-
creases it by sixteen. This implies that higher-order schemes can match the accuracy of a finer grid using
coarser grids, which is memory and computationally cheaper. They are particularly useful for more ac-
curate capture of smooth solution features, like waves or sharp gradients, without too much refinement.
Even though fourth-order schemes will have more complicated formulas and marginally higher compu-
tational effort per step, their efficiency and accuracy in the long run usually make them more desirable
than lower-order schemes.

Now, we present in the following chapters several fourth order finite difference techniques, and one
class, compact finite difference schemes. These schemes have been constructed to achieve high accuracy
using small stencils. Thus, they are very efficient and can be used to obtain approximate solutions for a
variety of PDEs, such as the diffusion equation, the advection equation, the advection-diffusion equation,
and the reaction-diffusion equation. Every type of equation has unique numeric challenges, and compact
schemes will present powerful tools for solving them with high precision and stability.
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Chapter 2

Linearized Compact Finite Difference scheme
(Operator Method)

In this chapter, we discuss the Compact Finite Difference Method (CFDM), which is a method of achiev-
ing higher-order accuracy using compact stencils. Unlike the traditional finite difference methods that
need wide stencils for higher order approximations, CFDM accomplishes the same or more accuracy
using fewer grid points, by re substituting the higher derivatives in differential equations.

In this chapter particularly we discuss the fourth order CFDM using operator, the operator is derived
from the higher order truncation of Taylor Series of the function.

2.1 A fourth-order compact finite difference scheme

Higher-order compact finite difference schemes begin with traditional approximations and enhance ac-
curacy by constructing compact representations of derivatives through algebraic manipulations and Tay-
lor series expansion. We first construct the compact difference operator for the spatial term to achieve
fourth-order spatial accuracy. This operator is obtained independently of the time discretization and
results in a linear system involving second derivatives at neighboring points.

After establishing the spatial discretization, we then apply the Crank-Nicolson scheme for time integra-
tion. The Crank-Nicolson method is a second-order, unconditionally stable time-stepping scheme that
averages the temporal derivative at two successive time levels. By combining this time discretization
with the compact spatial operator, we obtain a fully discrete scheme that is fourth-order accurate in
space.

2.1.1 Derivation of Operator

In this section We derive the Operator to approximated the second order partial derivative to get fourth
order compact difference scheme, the idea of derivation is take from the Lemma (2.1.1) and it is based
on truncation of Taylor series discussed in [[20]]

Lemma 2.1

Suppose S(x) is a smooth function belonging to C®[0, 1]. Then the following relation holds
1 1" I 1" 1 h4 (6)
7 [ (xig1) +108" (xi) + 8" (xi1)] — i [S(xit1) —28(x;) +S(xi—1)] = 2405 (&) (2.1.1)
where & € (x;_1,Xi+1).

Proof
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Now, starting from the Taylor series expansion around x; for a sufficiently smooth function S(x):

S(xiv1) = S(xi) +hS'( .)+h_25//( .)+h_35(3)( .)+h_45(4)( .)+_5
1) = O M)y W) TS ) T a2 T 00

i 1—
120/5 (xi +vh) (1 —v)> dv

SO (x)

(xi_1) = S(x;) — hS'( )+h_2 "( )_h_3 (3)( .)+h_4 (4)( )_h_s (5)( )
S(xiq S(x S (x; 25 X; 65 X; 245 X; 1205 X;
_ _)’
120/ S vh)(1 —v)”dv.

Adding these two expressions gives

1 h?
7 [S(rie1) = 28(x) + S(xi1)] = 8" () + 155 (x)
h e 6 5
155 ) [ i+vh) +5©) (5 — i) (1 =) v 2.12)
expanding S”(x) at the neighboring points

2 3 4,1
" (xie1) = 8"+ () + -0 + %S<5><xi> + 2 [ 5O - )y
0

2

S"(5100) = 87(0) — S 1)+ 59 () - 2 / SO = w1 =) dv

2

h
B 8" (xig1) + 108" (x;) + 8" (xi-1)] = 8" (x;) + E S® (x;)

72/ xi+vh) +5©) (x i—vh)} (1—v)*dv  (2.1.3)

Subtracting equation (2.1.2) from (2.1.3) leads to:

- [8" (xig1) + 108" (x;) + 8" (xi-1)] — h_12 [S(xit1) —28(x;) + S(xi_1)]
AR
=360 ) [S(6) (x;i +vh) +S(6)(x,— —vh)] (1—v)3 (5-3(1 —v)2) o,

Applying the mean value theorem for integrals yields:

h4
- ©) (g, , : .
2405 (5 )7 for some él € ('xl—lﬂxl+1)'

Let us consider the derivative as operator of the form,

Z(Si) = . [S” (xi1) + 108" (x;) + 8" (xi—1)] (2.1.4)

12
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2.2 The Proposed Method

Let us consider the diffusion equation model defined in equation (1.1.3)), We define a uniform discretiza-
tion of the computational domain Q = (Xpin,Xmax) X (0,7). Domain Q is divided into a grid of points
(xi,tj), where:

 Spatial nodes: x; = xpin +ih, fori =0,1,2,....m
 Temporal nodes: t; = jk, for j =0,1,2,...,n

Applying the Crank-Nicolson scheme (1.4.8)) to the system discretized with the compact finite difference
operator (2.1.4), the diffusion equation (I.1.3) is time-discretized as:

Lt 1 (QPuptl Q%uyi
i 2:§“<Wl gl @20

Now on applying the operator 2, from equation (2.1.4) to equation (2.2.1) We get,

. 2
¥ (5ku{+5) - Ja (5:‘”3 :

AL T gyt 4]
w —ui\_ o Wipyg —2u;  tup ],y —2u +u]_,
Qf( - ) - (ff( - + - (2.2.3)

The expansion can be written as

+1 o%uj
! +£¢‘”a—; lj) 2.22)

WulH - xul T vul ) =Wl Rl ] (2.2.4)
where
1 o _10+oc 1 ocY 1+ocX_10 aW_1+a
T2k 227 T 12k W27 T 12k 227 T 12k 227 T 12k W2 12k 22
For space i = 1,2,. — 1 and for time j = 0,1,...n, This construct a system of m — 1 unknowns
u{“ ué“, ’Hl at the (j+1)" time level to the fully discrete problem (1.1.3) with conditions (1.1.6
and (1.1.6), Wthh can be written in the matrix form, as follows,
UM = BUI +€ (2.2.5)
where,
X W 0 0 0 07 X W 0 0 0 07
Y X W 0 0 0 Y X W 0 0 0
0 Y X W 0 0 oY X w 0 0
o = | : AB=
0 Yy X w 0 y X w
- 0 Y Q - m—1xm—1 o 0 - o YO X - m—1xm—1
. . N C ]
[ Yl —vul ™! “ “
0 0 0 ué“ i
0 :
Cg == . ’U]‘F1 = . 7UJ —
0 : :
0 j+1 J
: : u u
Wu! _Wu]+l r]n;12 ;an
- mo et L Wn—1 D11 L Yn—1 I m—1x1

This is a fourth order accurate method, by using the derivative operator .2, called Linearized compact
finite difference method.
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2.3 Numerical Example

Now, we present numerical examples of the proposed method in the section[2.2] and also the result com-
pared with the scheme derived in the section (1.4

All computations are performed using Python on a system with an Intel® Core™ i7-8265U CPU @
1.60GHz (1.80GHz), 8.00 GB of installed RAM, and a 64-bit operating system with an x64-based pro-
cessor. Additionally.. The computational maximum absolute error using the proposed schemes, denoted
as CN error, CF-1 error for the proposed method in section[I.4] section [2.2] Respectively.

we discuss the solution for diffusion equation given by the equation (1.1.3)), with initial and boundary

condition given by the equations (I.1.6)-(I.1.7).

Example-1 Consider 1-D diffusion equation given in (1.1.3), with &« = 1,L = 1 and ¢ > 0. The exact
solution is for this example is given by

u(x,t) = e ™" sin(mx). (2.3.1)

and initial and boundary condition are given by

{u(x, 0) = sin(7x) Intial Condition (2.3.2)

u(0,¢) =u(l,t) =0 Boundary Condition

we solve this problem for L = 1 at the final time 7' = 1, using various values of the time step k = 4 and
h is the spatial mesh size. We can see in Table (2.)), the scheme given in equation (1.4.8), is a second
order scheme and the Proposed scheme in section is a fourth order scheme. Fig. (2.3.1) comparing
the Exact and Numerical Solution at 4 = 1/40 and k = h*> while Fig. and Fig showing
the behavior of Error and Order of convergence with different /# and k values.

h CN-Error CN-Order CF-1 Error CF-1 Order
1/5 3.9412 x 1073 * 4.3147 x 1073 *
1/10 9.6487 x 10~° 2.03 2.8390 x 1074 3.92
1/20 2.3484 x 107° 2.03 1.7730 x 107> 3.99
1/40 5.8290 x 1077 2.01 1.1082 x 107° 4.00
1/80 1.4545 x 1077 2.00 6.9261 x 1078 4.00
1/160 3.6347 x 1078 2.00 4.3289 x 10~ 4.00

Table 2.1: Max Absolute error and Order of Convergence for Example-1
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Figure 2.3.1: Exact and Numerical Solution for [Example-1|at 7 = 1/40 and k = h?
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Figure 2.3.2: Behavior of CN-Error and CF-1 Error for|Example-1| with Different /4 values
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Figure 2.3.3: Behavior of CN-order and CF-1 Order for [Example-1|{with different / values

It is clear from the Table that the operator-based compact finite difference scheme demonstrates
excellent agreement with the exact solutions and exhibits a rapid decay in error as the grid is refined.
The computed error confirm that the scheme achieves a convergence rate consistent with fourth-order
accuracy in space, thereby validating the theoretical predictions. This high accuracy is further supported
by the truncation error analysis derived in the section , where it is shown that the compact operator for
the second derivative introduces an error term of order ¢'(h*), ensuring fourth-order spatial accuracy.
In addition, the stability analysis performed in section (4.1) verifies that the scheme is unconditionally
stable when applied with Crank-Nicolson time discretization.

2.4 Limitations of scheme

In this method, we use a higher-order finite difference operator denoted by % as derived in section
which provides a fourth-order accurate approximation of the second-order spatial derivative. To achieve
higher-order accuracy in time, we incorporate the Crank-Nicolson scheme. However, when dealing with
more general parabolic equations, such as advection-diffusion-reaction equations, this approach faces
limitations. The reason is that the operator 2 is specifically constructed to approximate only the second-
order spatial derivative, and cannot be directly used to approximate lower-order terms like the reaction
term u and the advection term u,. Therefore, the main limitation of this method is its inapplicability to
equations containing first-order or zeroth-order spatial derivatives.
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Chapter 3

General Compact Finite Difference scheme for
Advetion-Diffusion-Reaction equation

The general CFDM approach builds fourth-order proper approximations for both the first and second
derivatives by directly applying Taylor series expansions, in contrast to operator-based approaches. It
works especially well for resolving advection-diffusion-reaction (ADR) equations. Transport of physical
quantities like diffusion, mass, or concentration in a medium is regulated by the Advection - Diffusion-
reaction equation. The combined effects of advection, i.e., describing the bulk transport of the material
due to a flow imposed on it from the outside, and diffusion, representing the random diffusion of particles
based on molecular collisions, are quantified by the equation. The one-dimensional advection-diffusion-
reaction equation is given by equation , with initial condition specifies the distribution of u(x,7)
atr =0:

u(x,0)=0(x), xe][0,L]. (3.0.1)

Additionally, boundary conditions describe the behavior of u(x,?) at the domain edges:
u(0,0) =Yr(r), wu(L,t)=Yg(t), t€]0,T]. (3.0.2)

These conditions ensure a well-posed problem for practical applications in engineering, fluid dynamics,
and environmental modeling.

3.1 A fourth-order compact finite difference scheme

Higher order compact finite difference scheme begin with a traditional compact difference approxima-
tion and extend precision by the use of additional terms through differentiation by repeated subtraction
and compact difference. Compact difference schemes are in frequent use throughout computational fluid
mechanics, acoustics, and electromagnetic due to high precision as well as the level of efficiency it pro-
vides. For this reason, we write in this section the fourth-order finite compact difference formulation for
equation (|1.2.3)) space derivatives, In order to derive the scheme for equation first we discretize
the system in space and then we apply time discretization, so for discretization of space we analyze
differential equation form of the equation (1.2.3),

d’v L dV
— —p———YV = 0 l. 3.1.1
with boundary conditions:
V(O) =, V(l) =V. (3.1.2)

A fourth-order accurate compact finite difference scheme for equation (I.2.3) can be derived as follows

23]

We approximate the first and second derivatives at a grid point x; using central finite difference
schemes. Using a second-order central difference formula:
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Vi Vi —2Vi+ Vi
dxz Xi o h2
Thus, second-order finite difference operator:

+O(h?). (3.1.3)

Vie1 —2Vi+ Vi
82V, = S (3.1.4)
Using a second-order central difference formula:
v Vig1 = Vi
—| = %h’lqtﬁ(hz). (3.1.5)
Thus, we define: v v
8.V, = %h“‘ (3.1.6)

Substituting equation (3.1.4) and equation (3.1.6) these into the differential equation (3.1.1) at x;:
a8V~ B8V~ Wi = fi+ T, (3.1.7)

where 7; is the truncation error.

3.1.1 Higher order derivative approximation

To obtain a higher-order compact finite difference scheme, we expand the function V (x) about x; using
Taylor series.

R R
Vier = Vit hV! + =V + v+ Zv™ 4 o). (3.1.8)
2 6 24"
N R
—Vi—h vy vy on 3.1.
V1VV+2V 6V+24 +0(1). (3.1.9)

On adding equation (3.1.8)) and equation (3.1.9)), we get

n
Vil +Viiy = 2V + B2V + lzv(’v) +O(h).

Vier =2Vi+ Vi " h? (iv) 4
— O(h
3 =V + Vi o).

Thus,

SV =V + il—zv(”) + 0. (3.1.10)

On subtracting equation (3.1.8) and equation (3.1.9), we get

h3
Vi1 —Viy =20V + ?Vi’” +0(l°).

Vier —Vie n
% =V + gVim +O(h%).
Thus,
h2
8V; = Vi + !+ O (). G.L1D

Expressing V" and Vl.(iv) in terms of known quantities From the given equation (3.1.1), on differentiating
both sides of equation (3.1.1)), we get

V"~ BV Vi = 1!
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1
Vi/// = (f{+l3Vi"+?’Vi,) ) (3.1.12)

Approximating equation (3.1.12)) equation derivatives using central differences, we get
V" = é (8cfi + BSEVi+ V) +O(h?). (3.1.13)
on differentiating equation (3.1.13)), we get
V™ — B — Wl = £

Vi(iv) _ é (fi//"f’BVim +y ”i) ) (3.1.14)

Substituting the value of V/”" from equation (3.1.13)) into equation (3.1.14), we get

\/i(iv)—v”<ﬁ2 a) +V/ (YB> +f! (ﬁ ) +l+ﬁ(h2) (3.1.15)

Approximating equation (3.1.15]) using central differences, we get

v _ 52y, (ZZ a>+5‘,(7ﬁ)+5xﬁ<ﬁ) 52ﬁ

3.1.2 Derivation of Error term

(h?). (3.1.16)

To find the truncation error .7; of the scheme derived in section consider the equation (3.1.7)),
where

=" (av i) 2[3V”’> +O(hY) (3.1.17)
‘12 o

so, on putting the values of higher order derivatives from the section [3.1.1} we get

(o) con () eon () 51
2P [& (5Xﬁ+553"i+y"/)] } +0(h") (3.1.18)

on solving we get,

2 2.2 2 2 h?
() an( ) s (B () o

This is the truncation error due to derivative approximation and ensures that the derivatives is fourth
order accurate in space discretization.

Now on substituting the value from section [3.1.1| and section [3.1.2] in equation (3.1.7), we get the is

the fourth-order compact finite difference scheme, incorporating higher-order corrections to improve
accuracy.

2 2
63%( —’“l—g+f7h)+6xvi( p 120 ) W= fit (6% Baxfi)W(h“), (3.120)
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on approximate derivatives in equation (3.1.20), by central finite difference, we get

[v,-ﬂ—zv,-wl}( ny ﬁh2>+lvi+1—vi1}(_ﬁ+yﬁh2

2 *" 1 " a 2h 12a>+(_7’)V"

(B O(h* 3.1.21
—ﬁ‘i‘E(f —af>+ (h") (3.1.21)

on re-arranging in a tri-diagonal systems and replacing V with u, we get

—(K1 +Ko)ui1 (1) + (2K — Y)ui(t) — (K1 — Ka)ui—1 (1) =
(K3 + Ka)ujyq (1) 4+ (1= 2K3)u(t) + (K3 — Kq)u;_ (1) (3.1.22)

where:
* u;(t), uj+1(t), and u; 1 (¢) are the function values at different spatial grid points at time ¢.

* w;(t), uj, (1), and u;_, () are their time derivatives.

. K\ — B> _ v _ B _yBh _ 1 _ _ Bn
Kl_‘(z%frm—ﬁ)» K= —2a Ki=1 Ki=-3g

3.2 The Proposed Method

To get the higer order compact finite difference scheme for Advection-diffusion-reaction equation (1.2.3)),
now we apply the crank-nicolson scheme define in equation (1.4.8)) and ]

We define a uniform discretization of the computational domain Q = (Xpin,Xmax) X (0,7"). The domain
is divided into a grid of node points (x;,#;), where:

* Spatial nodes: x; = xpin +ih, fori =0,1,2,... ,m.
 Temporal nodes: 7; = jk, for j =0,1,2,...,n.
On using Crank-Nicolson scheme (I.4.8), on discretized system of equations (3.1.22)), on using

u(x) = uj“(x)z—i— uj(x)7 () = uj+1(x)k— u/ (x) 321

The equation (3.2.1)) shows the weighted average of the space discretization and the Central difference
for the derivative on time derivative.we get,

Fu{:_rll + GuljJrl +Huljj11 = FM{JFI + Gulj —|—I—~1ulj_1 (3.2.2)
Where,
F—_ (KDZLKZ) . (K32K4), F= (KlerKz) . (K34er4)
G— 2K1277/ B (17131(3), G- _2K127y B (17131(3)
H— (Kngz) (K3;K4)7 i (Kngz) B (ngzq)
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Fori=1,2,....m—1and j=0,1,...n we have,

Fué+l —}—Gu{le +Hu6+1 :Fué%—éu{ —}—Flué

Ful'+ G+ HW = Ful + Gu! |+ Hu! (3.2.3)
with the help of the boundary condition given in equation (3.0.2). We get the following two Relations

W (xo) =W (/) (3.2.4)
W (xp) = e/t (3.2.5)
j+1 o+l j+1

The resulting equation (3.2.3) for i = 2,3,...m — 1 yield a system of m — 1 unknowns u| " ", uy ,...,u, "

at the (j+ 1) time level to the fully discrete scheme for equation (1.2.3)) with conditions (3.0.1)-(3.0.2),

which can be written in the matrix form, as follows,

U = Ul +¢ (3.2.6)
where,
TG F 0 0 0 01 rG F 0 0 0 017
H G F 0 0 0 H G F 0 0 0
0 H G F 0 0 0 H G F 0 0
o = | ¢ : B =
0 H G F 0 H G F
[0 - o e o H G L0 o e o H G
. . oo+l r ]
[ Au/ —HuJ+1 1 “ “
0 0 0 ué—H Mé
0 :
€ = : Uit = : Ul =
0 : :
0 j+1 J
) . u u
Fupp— Fuly! m+_12 i
| £l mo I p1x1 Lw ] IRCAI I

3.3 Numerical Examples

Now, we present numerical examples to demonstrate the applicability and accuracy of the proposed
method in the section [3.2] and also the result compared with the scheme derived in the section [I.4] and
section 2.2

Example-1 Consider 1-D diffusion equation given in equation (|1.1.3)), with ot = #,L =landt > 0.
The exact solution is for this example is given by

u(x,t) = e 'sin(7x). (3.3.1)

28



and initial and boundary condition are given by

u(x,0) = sin(mx) Intial Condition

N (3.3.2)
u(0,¢) =u(l,t) =0 Boundary Condition

This test example was originally considered in [[I7]], To evaluate the accuracy of our proposed method,we
solve this example for L = 1 at the final time 7 = 1, using various values of the time step k = A and
h is the spatial mesh size. Here in [Example-1, we are also applying the higher order compact finite
difference scheme for adection-diffusion-reaction equation, proposed in section [3.2] with the Advection
and reaction coefficients § = y = 0. We can see in Table (3.1),The scheme given in equation (1.4.8)), is
a second order scheme and the Proposed scheme in section and section are fourth order scheme
with different values of 4 and by taking k = h2.

Fig (3.3.2) comparing the Exact and Numerical Solution at & = 1/40 and k = h> while Fig. (3.3.2)
and Fig. (3.3.3) showing the behavior of Error and Order of convergence with different 4 and k values.

h CN-Error CN-Order CF-1 Error CF-1 Order CF-2 Error CF-2 Order
1/5 2.5764x 1072 * 1.8398 x 104 * 1.8399 x 10~* *
1/10  6.7221 x 1073 1.94 1.1923 x 1073 3.95 1.1923 x 1073 3.95

1/20  1.6772x 1073 2.00 7.4250 x 1077 4.00 7.4250 x 1077 4.00
1/40  4.1909 x 1074 2.00 4.6364 x 1078 4.00 4.6364 x 1078 4.00
1/80 1.0476x 1074  2.00 2.8970 x 1077 4.00 2.8970 x 10~° 4.00
1/160 2.6190x 1072  2.00 1.8059 x 1010 4.00 1.8059 x 1010 4.00

Table 3.1: Max Absolute error and Order of Convergence for [Example-1

by this Table (3.1) we can observe, the results by scheme given in section is exactly same as
scheme given in section[2.2|for f = ¥ = 0 in Advection-Diffusion-Reaction equation (1.2.3).

r 1.0 P10
0.8 0.8
4 i <
= LI 06 ]
0.6 : /”";;/If/'/’;;i"f/'/’/',’,';of; .
= iyt sy | =
04 3 [t W\ 0.4
Wi, LTI
% AT F 02
[ 02 i LA .
AN
NN L oo
0.0 .
1.0
1.0 0.0 0.8
0;) 0.2 0.4 0.6 0.4 0.6 0"8 Spag.'zl 0.4 06 8 - o4 066&
g . o . a C ] ) .
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Figure 3.3.1: Numerical and Exact Solutions of at h =1/40 and k = h?
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Figure 3.3.2: Behavior of CN-Erro, CF-1 Error and CF-2 Error for [Example-1| with Different / values
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Figure 3.3.3: Behavior of CN-order, CF-1 Order and CF-2 Order for|[Example-1|with different / values

Now, we discuss the solution for Advection-Diffusion equation given by the equation (1.2.3) by
using the scheme given in section [3.2] with reaction coefficient Y = 0 , initial and boundary condition
given by the equation (3.0.1)-(3.0.2), we solve the Advection-Diffusion equation with different values
of o and f3.

Example-2 Consider the advection-diffusion equation given by (1.2.3)) with initial Condition given by

¢ (x) = exp(5x) [cos (gx> +0.255in (gxﬂ (3.3.3)
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The exact solution is for this example is given by

u(x,t) =exp(5(x— %)) exp (—Z—(z)t> [cos (gx) +0.255in (gxﬂ (3.3.4)

This example is based on the advection-diffusion equation discussed in [22]]. The boundary conditions
are obtained from the exact solution. To evaluate the accuracy of our proposed method,we solve this
example for L = 1 at the final time T = 2, using various values of the time step k = h? and 4 is the spatial
mesh size. Here in we apply the higher order compact finite difference scheme, proposed
in section [3.2] with the reaction coefficients Yy = 0. and @ = 0.1, = 1. We can see in Table (3.2),The
Proposed scheme in section [3.2]is fourth order scheme.

Fig. comparing the Exact and Numerical Solution at # = 1/64 and k = h> while Fig. (3.3.5)
and Fig. (3.3.6) showing the behavior of Error and Order of convergence with different 4 and k values.

h CF-2 Error CF-2 Order
1/16 3.0308 x 1074 *
1/32 1.9066 x 107> 3.98
1/64 1.1941 x 10~° 4.00
1/128 7.4672 x 1078 4.00

Table 3.2: Max Absolute Error and Order of Convergence for Example-2

u(x, t)
| )
v(x, t)

0.00
0.25
0.50
0.75
1.00 g
1.25 IS
1.0
0.8
Mes g6, 2.00 00 o4 gy Y
E 02 0.0 Spatial Coordinate x X

Spatial Coordinate X

Figure 3.3.4: Numerical Solution and Exact Solution of [Example-2|at & = 1/64,k = h?
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Figure 3.3.6: Behavior of CF-2 Order for [Example-2| with different / values

Now, We also see the behavior of solution of Advection-Diffusion equation with Péclet number P,

defined as
P, =

o

with different initial and boundary conditions in the following example.

Example-3 Consider the advection-diffusion equation given by equation (I.2.3]) with the initial condi-

tion:

¢ (x) = aexp(—cx).

The exact solution is for this example is given by

u(x,t) = aexp(bt — cx),
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- —B++/B%*t+4ab
where ¢ = %

o
and Boundary Conditions are given as follow
u(0,7) = aexp(bt), u(l,t)=aexp(bt—7c) (3.3.7)

This example is based on the advection-diffusion equation discussed in [20]. To evaluate the accuracy
of our proposed method,we solve this example for L = 1 at the final time 7 = 1, using various values
of the time step k = h” and 4 is the spatial mesh size. Here in we apply the higher order
compact finite difference scheme, proposed in section with the reaction coefficients ¥ = 0 and For
this example, we use a = 1, b = 0.1, B = —1. When the Péclet number (P,) increases, meaning the
convection term dominates over the diffusion term, the analytical solution exhibits a sharp discontinuity
near the left boundary. We can see in Table (3.3)) and Table (3.4)), The order reducing by increasingP,.

Fig. comparing the Exact and Numerical Solution at &7 = 1/128 and k = h?> with different
values of P,.while Fig. and Fig. showing the behavior of Error and Order of convergence
with different 4 and k values.

N P, =10 P, =20
CF-2 Error CF-2 Order CF-2 Error CF-2 Order
1/16 8.8239 x 1073 * 1.4970 x 1073 *
1/32 5.5792 x 107° 3.98 8.7430 x 107> 4.00
1/64 3.4715x 1077 4.00 5.5135x10°° 4.00
1/128 2.1691 x 108 4.00 3.4308 x 1077 4.00
Table 3.3: Maximum error and Order of Convergence for[Example-3|with Pe = 10,20
P P, =100 P, = 1000
CF-2 Error CF-2 Order CF-2 Error CF-2 Order
1/16 1.6741 x 107! * 7.5202 x 107! *
1/32 3.3796 x 102 2.38 5.1300 x 10! 0.55
1/64 3.4567 x 1073 3.30 2.4073 x 107! 1.09
1/128 2.1290 x 10~ 4.00 6.1102 x 1072 2.00

Table 3.4: Maximum error and Order of Convergence for [Example-3|with Pe = 100, 1000
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Figure 3.3.9: Behavior of CF-2 Order for [Example-3| with different P, values

Here, we discuss the solution for Advection-Diffusion-Reaction equation given by the equation
(T.2.3) by using the scheme given in section [3.2with initial and boundary condition given by the equa-
tions (3.0.1))-(3.0.2)), we solve the Advection-Diffusion-Reaction equation with different values of «, 8
and 7.

Example-4 Consider equation given in (1.2.3), as

du du du 1
E(x,t) - a(x,t) —3u(x,t) = W(x,t), (x,1) € [0,27] x [O, 5] , (3.3.8)

with the initial condition u(x,0) = sin(x). Boundary condition u(0,t) = ¢* sin(—¢) and u(27,t) =
e? sin(27w —1).
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The exact solution is given by u(x,?) = e sin(x —1).
we solve this example for L = 27 at the final time T = %, using various values of the time step k = h?

and h is the spatial mesh size. We can see in Table (3.5]),the Proposed scheme in section [2.2]is a fourth
order scheme.

Fig (3.3.10) comparing the Exact and Numerical Solution at 2 = 1/40 and k = h?* while Fig. (3.3.11)
and Fig. (3.3.12)) showing the behavior of Error and Order of convergence with different 4 and k values.

h CF-2 Error CF-2 Order
1/8 3.0497 x 1074 *
1/16 1.9066 x 107> 3.98
1/32 1.1919 x 10~° 4.00
1/64 7.4495 x 1078 4.00
1/128 4.6559 x 10~° 4.00

Table 3.5: Max Absolute Error and Order of Convergence for Example-4
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It is clear from the above results that the scheme demonstrates excellent agreement with the exact
solutions and exhibits a rapid decay in error as the grid is refined. The computed error confirm that the
scheme achieves a convergence rate consistent with fourth-order accuracy in space, thereby validating
the theoretical predictions. The stability analysis performed in section {.2] verifies that the scheme is
unconditionally stable when applied with Crank-Nicolson time discretization.
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Chapter 4

Stability of Proposed Schemes

The stability defined in[I.3]plays a critical role in ensuring that the computed solution remains bounded
and physically meaningful throughout the simulation. For time-dependent PDEs, particularly parabolic
equations, a stable scheme ensures that small perturbations or discretization errors introduced during
the computation do not grow uncontrollably with time. Stability, together with consistency, is a neces-
sary condition for convergence as per the Lax equivalence theorem defined in [I.3] which forms the a
fundamental principle in the analysis of finite difference methods.

In this chapter, we examine the stability properties of the two proposed compact finite difference
schemes developed in Chapter [2]and Chapter[3] Both schemes are derived using Crank-Nicolson in time
discretization, which is known to be unconditionally stable for linear diffusion problems when applying
second-order central differences.

To assess the stability of these schemes, we are using Von Neumann (Fourier) stability analysis, a widely
used method for analyzing linear constant-coefficient finite difference schemes. This technique is par-
ticularly effective in evaluating how individual Fourier modes of the numerical error evolve over time.
For both schemes, we derive the amplification factor and determine the conditions under which its mag-
nitude remains less than or equal to one, ensuring bounded growth of the numerical solution.

The stability analysis for the scheme which derived in Chapter [2| derived in section In the sec-
tion 4.2] we analyze stability scheme derived in Chapter 3]

4.1 Stability Analysis for Operator Method

In this section we discuss the stability of the scheme derived in Chapter |2, we are using m and n for
representing the discretization of space and time respectively.

Now, consider the numerical approximation u/}, of the solution u(x,,,,) at spatial point x,,, = xo +mh and
time ¢, = nk. The Crank-Nicolson scheme combined with the compact finite difference operator leads
to a system of equations at each time step by equation (2.2.5), we have

AU = U+ €,

where
U" = [uf,uj,... ,uI’{,I_]]T is the vector of unknowns,
o7 and 2 are tridiagonal matrices defined by coefficients W,X,Y and W. XY,
% is a vector incorporating boundary conditions.

The Von Neumann method assumes solutions of the form

n __ gn ifmh
um—éeﬁ,

where, i = v/—1 is the imaginary unit, 3 is the spatial wave number, & is the amplification factor, which
controls the growth or decay of the mode.
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Lemma 1
Fourier Mode Stability Condition For stability, it is required that

|2 1<1, V¢

Applying the Crank-Nicolson scheme to the spatially discretized equation yields a relation involving
matrices .7 and %, both of which are tridiagonal with constant coefficients. When applied to a Fourier
mode u]},, these matrices act as scalar multipliers, i.e., their action corresponds to multiplication by their
respective symbols.

(JZ/UH—H)m _ Yuntll +Xunm+1 +Wun+l

m m+1
and similarly for ZU". Substituting the Fourier mode form, we get
Y§n+leiﬁ(m—l)h +X§n+leiﬁmh +W€n+leiﬁ(m+1)h
_ aneiﬁ(mfl)h +X€neiﬁmh _'_W&neiﬁ(erl)h.

g (Ye—i5h+X+Weiﬁh> = Ve Ph L %y WeiPh @.1.1)
Wey— 1 o B 10 +o¢
12k 2m% 12k K2
- - 1 o ~ 10 o
== tar T

Because W =Y and W = Y, we can write

_ X +2Wcos(Bh)

5= X +2Wcos(Bh)’

(4.1.2)

Note: cos(Bh) € [—1,1] as B varies over all possible wave numbers.

10 o 2 (01
= ﬁ — ﬁ —+ m COS(BI’l) + ﬁ COS(BI’I),
10+2cos(Bh) o

10 o 2 o
D= Tk + 2 + mcos(ﬁh) —n cos(Bh),

_ 10+2cos(Bh) +h%(1 _ cos(Bh)).

12k
10+ 2cos(Bh) o
f1:T>O, fzzﬁ(l—COS(ﬁh))zo,
since 1 —cos(Bh) > 0.Then
R ke
2 —hﬂz'
Stability condition || < 1,Since .#; > 0 and .4/ > 0, & is real, and
I — I
1+

because N < D and both positive. For B2 =0, cos(0) = 1= % =0, so & = 1, meaning no amplifi-
cation or damping of the zero mode. For all other modes, 1 —cos(fh) > 0, so |£| < 1. the method is
unconditionally stable for all mesh sizes 4 and time steps k.
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Truncation Error

Now we discuss the truncation error of the scheme derived in Chapter[2] The goal is to analyze how well
the discrete scheme approximates the continuous diffusion equation as the mesh sizes tend to zero, So
consider the scheme from equation (2.2.3)), we have

' — o 2 ntl 2
n
gT’ = 0} (ffouﬁ1 +Qf5xum)
where,
n n n
520 — Up i1 — 2uy, +uy,
X m h2

local truncation error 7, is defined by substituting the exact solution u(x,,,,) into the discrete scheme:

o gu(xmﬂ‘n—i-l)k— (X, tn) % (2 82U(m,tas1) + 2 52U, 1)) (4.1.3)

We want to find 7, in terms of powers of k and h. At fixed x,,, expand u about time ¢,

k2 3

M()Cm,tn+1) =u+ku + 7”;; + gum‘ + ﬁ(k4>

where derivatives are evaluated at (x,,,).
k2

u( X, t — U( X, 1, k
( m ”H‘l)k ( m n) :ut—i—iun‘f’guttt_'—ﬁ(k?j)

Expand u at neighboring points,
h2 h3 4

U(Xpt1,n) = u = huy + ?uxx 4 guxxx + ﬁuxxxx + ﬁ(hs)

Wt —2ut +u h?
82y = —mtl th m-1 :uxx+ﬁuxxxx—|—ﬁ’(h4)
k2 3
uxx(xma tn—i—l) = Uyx + kit + 7uxxll + ﬁ(k )

P2 = U+ kg + O(K2) + O (h*)

T;Z — (ut + Eutt + k_zuttt + ﬁ(k3) + ﬁ(h4)) - g ((uxx + ke + ﬁ(kz) + ﬁ(l’l4)) + (uxx + ﬁ(h4)))

2 6 2
k k> ok
T = u, + St + g = Ot = =t + O(kK*) + 0(h*) (4.1.4)
From the diffusion equation,
Uy = auxx (415)
Ui = OlUxxr,  Uprr = Ol (4.1.6)

on substituting values from equation (#.1.6)into 7)in equation (#.1.4),

ok ak? ok
Trrrlz = OlUyy + Tuxxt + Tuxxtt — OlUyy — Tuxxl + ﬁ(kz) + ﬁ(l/ﬁ)
ok?
Trrrlz = Tuxxll + ﬁ(kz) + ﬁ(h4)

The truncation error at node (m,n) satisfies, ©) = 0(k?) + €' (h*), showing that the scheme is second-
order accurate in time and fourth-order accurate in space, hence the scheme is consistent.
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4.2 Stability Analysis for General Method

In this section we discuss the stability of the scheme derived in Chapter 2] We assume the solution at
grid points (x,,,) is represented as a Fourier mode,

ul!, = e 4.2.1)

where, " is the amplitude at time step n, £ is the wave number.,i = +/—1 is the imaginary unit. Since we
analyze error propagation, we define the growth factor G as:

Wttt = ut (4.2.2)

which implies
uﬁfl — X eiEm

Lemma 1
Fourier Mode Stability Condition For stability, it is required that

| 2]<1, V&
The Crank-Nicolson scheme applied to the spatially discretized equation gives by equation (3.2.2)),
Fupy + Gup!' + Hup 'y = Fup,y + Guy, + Hu, (4.2.3)

in which the coefficients are

o Kit+K) (K+K) o (Ki+K) (K3+K4)
2 k ’ 2 k
G— 2K1—)/ (1—2K3) G— 2K1—’)/ (1—2K3)
2 ko N 2 k
g (K-K) (K-K) 5 (Ki-K) (K-K)
2 k ’ 2 k

On substituting the Fourier Mode Solution, Using u)}, = A"e'S*m | we substitute into the equationm
Fﬁn+lei§xm+1 + Gﬁﬂ+lei§Xm +Hﬁn+lei§xm,1 _ Fﬁneiéxmﬂ + Gﬁneiéxm _i_[:‘[ﬁneiéxm,l
Fﬁn+lei§h + Gﬁn+1 +Hﬁn+lefi§h _ Fﬁneiéh + Gﬁn _i_Hﬁnefi&h
Since #"t! = Fii", we substitute 2"
FX A L G+ HY a"e ™" = F"e’™" 4 Ga" + Hi"e ™"
FX M+ G +HX e %" = Fe®' + G+ He "
Now we are solving for 2,
_ Feh 4+ G+ He 5h
 Fei¢h + G+ He ih
On using Euler’s identities ¢'5" = cos(Eh) +isin(ER), e 5" = cos(Eh) —isin(ER) in equation (4.2.4),
we have

4.2.4)

(F+H)coséh+i(F —H)sinEh+G
(F+H)cosEh+i(F—H)sinEh+G

X = (4.2.5)

Lemma 2
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The Crank-Nicolson method is unconditionally stable if the modulus of the growth factor satisfies.| Z"| <
1,Vh,k which ensures the numerical solution does not amplify errors over time.

Now we are computing |.2”|*for all h2, B2, a, k all are positive and here we are taking y = 0, i.e. firstly
we check the stability for equation (I.2.3) , Now on putting all the values in equation [4.2.5] we get

N /l—jz
X === 4.2.6

Where,

N =204h* o — 432h%ka® + 432> ot + KO B? — 24h* ko B2 + 108K% K> o> B2 + 3h*k* B4
+ 80h* a® cos (h&) + 384h*ka® cos (hE ) — 576k> ot cos(hE ) + 32h*kaB? cos(hE ) — 96h* k> o B2 cos(hE)
— 4h* K2 B* cos(hE) + 4h* a® cos(2hE) +48h%ka® cos(2hE) + 144k* a* cos(2hE) — h® B2 cos(2hE)
— 8h*kaB? cos(2hE) — 12h% k> o B2 cos (2hE ) + h*k* B* cos(2hE)

D = 204h* o® + 4321% ko + 432k ot + hO B2 4 24h* ko B2 + 108R° k> o B2 + 3n* k> B
+ 80h* a® cos (hE ) — 384h*ka® cos(hE ) — 576k> ot cos(hE) — 32h*kaB? cos(hE ) — 96h* k> i B2 cos(hE)
— 4R* K2 B cos(hE) + 4h* a® cos(2hE) — 48h%kar® cos(2hE) + 144k* a* cos(2hE) — h® B2 cos(2hE)
+ 8h*kaB? cos(2hE) — 121°K> o* B2 cos (2hE ) + h*k* B cos(2hE)

and

1 =204h" o +432k2 a* + hO B2 + 108K° K> o B2 + 3k B* 4 80h* o cos(hE ) — 576k a* cos(hé)
— 96h° k2 a2 B2 cos(hE) — 4h*k> B* cos(hE ) + 4h* a? cos(2hE ) + 144K% a* cos(2hE ) — RO B2 cos(2hE)
— 121°K* a® B2 cos(2hE ) + h*k* B* cos(2hE)

Iy = 4321%ka® + 24h*kaB* — 384h%ka cos(hE) — 32h*kaB% cos(hE ) — 48h%kar® cos(2hE)
+ 8h*ka % cos(2hE)

now to prove the stability condition from [4.2] we need to show that B is always positive and that the

ratio % is always less than one. This can be achieved by applying the trigonometric identity

cos(2h&) = 2cos?(hE) — 1, which simplifies the expression for B. Using this identity, we can confirm
that _#, remains positive and that the ratio % is less than one, thereby ensuring the stability of the

numerical method, we get
J2 =16 ((30h%ko® + hkaf?) — 2(12h%ka + h*kaB?) cos(hE) + (—6h* ke + h*ka?) cos? (hE))

The constant term, coefficient of cos(h&) and coefficient of cos?(h&) are positive as 42, 2,k and « all
are positive, now we get _#, = Co—2Cj cos(h& ) +Cy cos?(hE ), where,Co = 16(30h* ko> +hkatf?),C) =
16(12h%ka® + h*kaB?) and Cy = 16(—6h%ka® + h*kaB?), As can find the term B is always positive so
the ratio % will always be less than or equal to 1. the ratio of numerator and denominator are equal

in magnitude, leading to | 27| <1, V& .Now we are computing |2 |*for all #2, 2, o, k all are positive
and here we are taking y # 0, i.e. we check the stability for equation (1.2.3) , Now on putting all the

values in equation [4.2.5] we get
N
2=+ 4.2.7)
D
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where,
N = —{-816h*a® + 1728h%kar” — 1728k a* + 8641 ka* B — 1728hk* o B — 4h° B2 + 96h* kar B

— 86412 K> 0> B% — 1443 K2 a B — 121* K> B* — 1104h* ko> y + 144012 K> oy + T2R ko By

+ 5761 k> By + 48K K2 a By — 121K B3y — 396h* k> v + 601 K2 auf y> — 3hCk* B2y

+4 (576k2a4 + 576hk* o B + Ok B2y? + 4h’kBy (kB> — 4a (1 +ky)) — 48h*ka”

(—5kB>+8a(1+ky)) — 48K kot (—kB? + (4 + 3ky)) +4h* <k2ﬁ4 —2kaB*(4+ky)

+o?(—20 — dky+ 7k2y2))> cos(hE) — (576k2a4 + 5760203 B -+ 48h3 kB (20 + kB?)

+ OB (—4+K*y%) + 4 kBy(kB> + o (2 — ky)) — 96h2 kot (—kB> + ot —2 + k)

a4t (k2ﬁ4 4 dkoBA(—2 4+ ky) + az(—2+ky)2>> cos(zha§>}

and

D = 816h* o + 17281*ka® + 1728k o + 864 ko B + 1728hk* o> B + 4h° B2 + 96h* ko B2
+ 86412k 02 B? + 1441 K> au B + 121* K> B* + 816K kot* y + 8641° k> o y + T2h ka By
+576R° K> o By + 144R* K2 o By + 120° K2 B2y + 204h* k> oy + 36K K> o f y* + 30K B2y
- 4(576k2a4 +576hk> o B+ hOK* B2y? + 4R’k By(kB* + 20t (2 + ky)) + 48h%k
O (SKB? +401(2+ ky)) + 48Kkt (kB2 + (44 3ky)) — 4k (— KB+ 5022+ ky)?
—2katBA(4+ Sky))) cos(hE) + (576k2a4 576203 B + 48K kB (—2a + kB)
+ OB (—4+K2y?) + 4 kBy(kB? — ou(2 + ky)) — 96h ko (— kB> + 4k
(— K2B* +502(2+ky)? — 2ka (4 +5k7)>) cos(h) + (576k2a4 +576hk* 03B
+ 481 kaB(—20 +kB?) + B (—4 +K2Y*) + 4 kBy(kB* — at(2 +ky))—
96h*ka(—kB2+ (2 + ky)) + 4h* <k2B4 +4kaB(2+ky) + a2(2 +ky)2))
cos(2hE)at(2 + ky)) + 4 (k2ﬁ4 4kt BR(2 4 ky) + a2(2+ky)2>) cos(2hE)

Here N<D.ie. |Z|<1, VE&.Fig li represents by experimental value of |3£”|2 <1,atthe h = %
and k = h? Thus, the Proposed scheme in sectionis unconditionally stable.

|G

L))

=200 -100 k 100 200

Figure 4.2.1: Plot of Stability with, —807r < & < 807

This chapter presented the stability analysis of the proposed compact finite difference schemes. The
operator-based scheme for the diffusion equation was shown to be unconditionally stable, while the
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generalized scheme for the ADR equation exhibited conditional stability, depending on the advection and
reaction terms. These theoretical findings are consistent with the numerical results already demonstrated
in the respective chapters, confirming the effectiveness of both schemes.
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Future Work

Application to Variable Coefficients Problems

In this work, we have developed and implemented a fourth-order compact finite difference scheme
combined with the Crank-Nicolson method, successfully applied to one-dimensional parabolic PDEs
with constant coefficients. Building on this foundation, we have extended the scheme to handle variable-
coefficient problems of the form,

du 0 du du
5 = o (W@a) —b(x) 5 +cxu,

where spatially varying diffusion a(x), advection b(x), and reaction c¢(x) terms introduce additional
complexity. Although the extended scheme retains the same mathematical structure, current numerical
results fall short of achieving the desired fourth-order spatial accuracy. This highlights the need for
further refinement in discretizing variable coefficients and ensuring stability. Ongoing efforts include
the analytical derivation of truncation error expressions and improved matrix formulations tailored to
variable coefficients. Resolving these challenges is critical for attaining consistent, high-order accuracy
in practical computations.

Moreover, we are actively exploring applications to Fokker-Planck equations and Black-Scholes-
type models, which naturally involve variable coefficients and complex boundary conditions. Success-
fully adapting the compact scheme to these important classes of PDEs would demonstrate its broader
utility in statistical physics, population dynamics, and financial mathematics. Looking ahead, future re-
search will focus on extending the method to multidimensional problems, incorporating nonlinearities,
and integrating advanced techniques such as adaptive mesh refinement (AMR) and operator splitting.
These developments aim to enhance the efficiency and robustness of the high-order compact schemes,
enabling their use in complex, real-world multiphysics simulations.

The Idea of scheme

In [27], the authors developed a high-order compact (HOC) scheme for time-fractional Fokker-Planck
equations with variable convection terms. Their method utilizes the L1 scheme for time discretiza-
tion and handles the variable coefficients through simple modifications of the coefficient matrices. The
scheme is rigorously analyzed in matrix form using the energy method and is proven to be stable and
convergent with order 72~% ++A*, which is higher than that of several recently studied schemes. Numer-
ical experiments confirm the theoretical accuracy and stability.

In contrast, our current work adopts the Crank-Nicolson method for time discretization, aiming to
achieve fourth-order accuracy in both time and space for the traditional (non-fractional) case where
o = 1. The development and detailed analysis of this Crank-Nicolson-based scheme are ongoing. How-
ever, the approach is conceptually similar to the general compact finite difference method described
previously. By integrating the Crank-Nicolson scheme with the high-order spatial discretization, we
expect to improve temporal accuracy while maintaining stability, thus advancing the numerical solution
of the Fokker-Planck equation from [27]].
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ou 92 d
P S+ P W= f(er), xel0L), 10,

We discretize the spatial domain [0, L] into m uniform subintervals of size h = = w1th grid points x; = ih,

i=0,1,...,m. For a grid function ul approximating u(x;,;), To achieve fourth order accuracy in space,
the scheme introduces correction coefficients defined as

%_1+ (62 pi &),
W—I‘F_(Piz_zsxﬁi)a
%=pi+ﬁ(5xzpi—l?i5xﬁi),

where p; = p(x;) and 8,p;, 82p; are discrete approximations of the first and second derivatives of p(x)
at x;.

The temporal domain [0,7] is divided into n uniform steps of size T = %, with time levelst; = jT,

Jj=0,1,...,n. The Crank-Nicolson method approximates the time derivative by a centered difference
and evaluates spatial terms at the midpoint between time levels 7; and 7,1, providing second-order ac-
curacy in time and unconditional stability. For each interior spatial node i = 1,2,...,m — 1 and time step
j=0,1,...,n—1, the scheme reads:
W —ul 1 20, J+1 j+1 i+,
A=t S Sl )+ %6< Il + ffpx i)
j+1 J
ot

This equation states:

]+1 j

The time derivative du/dt is approximated by the backward difference quotient
plied by 7 to incorporate spatial correction terms.

, multi-

The diffusion term u,, is discretized using a high-order compact approximation 82, applied to the
W
average TM’

The convection term p(x)u, is discretized similarly with o and coefficient %;.

The reaction term p’(x)u is also discretized at the temporal midpoint.

f]+l fz

The source term f(x,?) is approximated by the average
in time.

to maintain second-order accuracy

The solution must satisfy the prescribed boundary conditions at each time level:
ul(;:(plj, ul{,lz(pg, for j=0,1,...,n,
and initial condition at time ¢ = 0:
u?:(p,-, fori=0,1,....,m

This scheme couples a fourth-order spatial discretization with the second-order Crank-Nicolson time
stepping method. It is implicit and requires solving a linear system at each time step.The high-order
spatial corrections ensure improved accuracy and better approximation of derivatives, especially useful
when convection terms and variable coefficients are present. The Crank-Nicolson method provides
stability and accuracy in time.
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Application to Nonlinear Problems

In this work, we focused on linear parabolic PDEs with constant coefficients, However, many real-world
systems are governed by nonlinear PDEs, where the solution behavior is more complex and analytical
tools are limited.
A canonical example is the Fisher KPP equation, a nonlinear reaction diffusion model,

du d%u

—=D=——5+ru(l—u

ot ox? ( )
where the nonlinear term ru(1 — u) models logistic population growth with diffusion. Another example
is the viscous Burgers’ equation:

Ju  du d%u

o ox T Vo
which combines advection, nonlinearity, and diffusion, Extending compact schemes to such nonlinear
equations involves challenges such as,

* The spatial operator becomes solution-dependent.
* Time-stepping may require nonlinear solvers (e.g., Newton Raphson iteration).

* Stability is no longer easily addressed via Fourier analysis; energy methods or discrete maximum
principles may be required.

The Idea of scheme

One possible approach is to linearize the nonlinear terms via semi-implicit discretization, for example,

n+1 n
! —ul
A X L — v5xxu?+1 —u oy,
where the diffusion term is treated implicitly using the compact operator, and the nonlinear advection
term is treated explicitly. Future work may focus on deriving nonlinear compact schemes, analyzing their
behavior under various discretization strategies, and applying them to physically meaningful models in
biology, fluid dynamics, or chemical kinetics.

Extension to Non-Uniform Grids

In this work, the compact finite difference schemes have been formulated and implemented on uni-
form spatial grids, where the grid spacing & = x;;| — x; remains constant. While this is standard in
many numerical studies due to its simplicity and ease of analysis, many practical problems governed
by advection-diffusion-reaction (ADR) equations exhibit steep gradients, localized fronts, or boundary
layers that cannot be resolved efficiently using uniform grids.

In future work, the proposed compact finite difference schemes can be extended to non-uniform spa-
tial grids, which are more effective for solving problems with localized features, sharp gradients, or
boundary layers. A non-uniform mesh refers to a grid in which the spacing between consecutive points
varies across the domain. Mathematically, for a spatial domain [a, b], a non-uniform grid is represented
by a sequence,

a=xyg<x;<---<xy=b, with h;=x;11—ux, andh,-;«éhiH.

This approach contrasts with uniform grids, where the grid spacing is constant. Non-uniform grids are
particularly advantageous for capturing phenomena like boundary layers, internal layers, or reaction
fronts without resorting to globally refined grids that increase computational cost unnecessarily.
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Idea of Non-uniform Mesh

For example, consider the ADR equation given by (1.2.3)), where spatial variation in § (x), ¥(x), or a(x)
can cause the solution to develop steep transitions. Solving such equations efficiently on uniform grids
would require very small step sizes throughout the domain. Instead, non-uniform grids concentrate
points only where needed.

A typical mesh transformation used to generate a non-uniform mesh is:

. tanh (G (% — 1))

ni=at(b—a) 2tanh(o) '

0<i<n,

where the parameter ¢ > 0 controls the clustering of points near boundaries or layers [31]]. To ap-
ply compact finite difference schemes to such grids, classical finite difference approximations must be
modified to account for variable spacing.
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Conclusion

In this work, we developed and studied a high-order accurate numerical method for solving one-dimensional
parabolic PDEs such as the diffusion equation and the advection-diffusion-reaction (ADR) equation. The
proposed scheme uses a fourth-order compact finite difference method (CFDM) for spatial discretiza-
tion and the Crank-Nicolson scheme for time discretization, which is second-order accurate in time and
unconditionally stable.

We began by revisiting the traditional finite difference methods: the explicit (Forward Time Central
Space, FTCS), implicit (Backward Time Central Space, BTCS), and Crank-Nicolson methods. We ana-
lyzed their stability, consistency, and truncation errors using Taylor series expansions and Von Neumann
analysis. We observed that traditional methods are limited to second-order spatial accuracy and may
require finer grids to achieve better results.

To improve accuracy, we derived a compact finite difference operator based on a sixth-order Taylor
expansion and established a discrete relation using operator techniques. This allowed us to approximate
the second derivative g—jﬁ with fourth-order accuracy using only three grid points. The resulting scheme
forms a tridiagonal linear system at each time step, which is efficiently solvable.

For time integration, we used the Crank-Nicolson method, which is a two-level scheme that averages
the spatial discretization at time levelst/ and #/*!. The combined method was shown to have global
accuracy of @ (k* +h*), where k is the time step and / is the spatial step size.

We implemented both traditional and compact methods using Python and tested them on several model
problems, including:

o : : : . Ju _ 0%
Pure diffusion equations: 5/ = @53

. e . 2
* Advection-diffusion equations: % +B % = a%

2%u

* Advection-diffusion-reaction equations: % +B % +yu=o5;3

For all these problems, the compact scheme gave better results compared to traditional FDM. It pro-
duced smoother, more accurate solutions and required fewer spatial nodes to achieve the same accuracy,
thereby reducing computational cost. As an extension of this work, we are currently focusing on apply-
ing the same fourth-order compact scheme to PDEs with variable coefficients. Although the scheme has
been successfully developed for such cases, the numerical results obtained so far do not fully align with
the theoretical expectations. Therefore, further refinement and analysis are ongoing.

In particular, we are investigating the application of this method to Fokker-Planck equations and
Black-Scholes-type equations, which involve non-constant coefficients and are important in fields such
as statistical physics and financial mathematics. This remains an active area of research, and we aim to
improve the formulation to obtain stable and accurate solutions in these more complex scenarios.
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Appendix

The pseudocode for the main numerical techniques covered and used in this paper, such as the sug-
gested fourth-order compact finite difference approach in conjunction with the Crank-Nicolson time
discretisation and traditional finite difference schemes, is provided in this appendix. The computational
framework for numerically solving one-dimensional diffusion and advection-diffusion-reaction (ADR)
equations is described by these pseudocodes.

For full implementation details, including complete and executable Python code, visualization scripts,
and test cases, readers are encouraged to access the associated GitHub repository:

GitHub Repository: https://github.com/manojms3063/High-Order-Compact-Scheme-for-1D-Heat-and-
ADR-Equations

Appendix - A : Python Pseudocode

A1l: Pseudo code for Crank-Nicolson scheme

( N
1: Input: Diffusion coefficient o, domain length L, final time 7', grid spacing Ax

oAt
2: Compute time step Ar = Ax” and set r = 7

2

L T
3: Define number of spatial points N, = Ar and time steps N; = o
4: Generate spatial grid x € [0, L] and initialize u(x,0) = sin(7x)
5: Define exact solution uexact(X,1) = e Tt sin(7x)
6:

Construct tridiagonal matrix A for Crank-Nicolson scheme:
* Lower diagonal: —%
* Main diagonal: 1+4r
» Upper diagonal: —g

7: for each time stepn=0to N; — 1 do
8: Compute right-hand side vector b:

b; = %uifl + (1 —r)u;+ %uiJrl
9:  SolveA-u"!'=b
10: end for
11: Compute numerical solution up,, and exact solution uexaee att =T
12: Calculate pointwise absolute error |upym — Uexact| and display max error
13: Plot both upym and uexacr Over spatial grid
14: (Optional) Plot absolute error versus x
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A2: Pseudocode for Operator CFDM scheme

Vs

10:
11:

12:
13:
14:
15:
16:
17:
18:
19:
20:

1: Input: Spatial step A, time step k = 1%, domain [xo, x,,,], final time T

2: Define grid points x; = xo +ih, i =0,...,m, and time steps t; = jk, j =0,...,n
3:

4: Define constants:

Set o value

R— 1 o 0— 10 i o p_ 1 o
12k 2hm% 12k W% 12k 2h2

1 o 10 o 1 o
Rb= — + — h=— — — Ph= — +—
12k+2h2’ 0 12k K2’ 12k+2h2

: Initialize solution matrix u[i,0] = sin(7x;), Vi
: Apply boundary conditions: u[0, j] = u[m, j| = 0, for all j
: Construct tridiagonal matrix A with diagonals:

Lower =R, Main=Q, Upper=P

: for each time step j =0ton—1 do

Compute vector C with:

for each spatial node i = 1 tom — 1 do
Compute RHS:

bli—1]=Pb-uli+1,j]+0b-uli,j] +Rb-uli—1,j] —Cli— 1]

end for
Solve A-v =b for v
Update uli, j+ 1] =v[i— 1] fori=1tom—1
end for
Compute exact solution v[i, j|(exact solution of Problem)
Compute absolute error e[i, j| = |u[i, j] — v[i, j]|
Output max(e)
Plot u(x,T) vs exact v(x,T)
(Optional) Plot 3D surfaces for u(x,) and v(x,1)
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A3:

Pseudocode for General CFDM scheme

Vs

13:
14:
15:
16:
17:
18:
19:
20:

1: Input: Domain [xg, x|, time 7, step size h, k = h?
2: Setat, B

3:

4: Define coefficients:

Discretize x; = xo+1ih,i=0,1,...,mand t; = jk, j=0,1,...,n

a B2 B 1 Bh
! (h2 * 12a> T T2 YT 24a
ar=83—-584, a=1-28, a3=5+34
ay=—(81-52), as=28;, as=—(51+5)

- Matrix coefficients:

_(Sl—l-Sz)_S3—|—S4 (S1+Sz)_S3—|—S4

P: P —
2 k7’ b 2 k
1—-283 1—-283
=8 — h—_S, —
Q 1 k ) Q 1 k
(S1—8)) S3—S4 (S1—55) S35
R=— . Rb = -
2 k7’ b 2 k

: Initialize u(x,0) = ¢ [cos (5x) +0.25sin (5x) ]
: Apply boundary conditions for u(0,¢) and u(1,¢) using exact solution form
: Construct tridiagonal matrix A with diagonals:

Lower =R, Main=Q, Upper=P

: for each time level j =0ton—1 do
10:
11:
12:

Compute C[0] =R-u[0,j+ 1], Clm—2]=P-ulm,j+1]
fori=1tom—1do
Compute RHS:
bli—1] = Pb-uli+1,j]+0b-uli, ]+ Rb-uli— 1, ] = Cli— 1]
end for
Solve Av = b
Update uli, j+ 1] =v[i— 1] fori=1tom—1
end for

Compute exact solution: v(x,7)(exact solution of Problem)
Compute absolute error: err|i, j] = |u[i, j] — v[i, j]|

Output: max(err)

(Optional) Plot 3D surfaces for u(x,) and v(x,1)

Appendix - B : Tridiagonal System Solution

B1: Properties of Tridiagonal Matrices

The mathematical characteristics of tridiagonal matrices, which are commonly encountered in the dis-
cretisation of PDEs using finite differences, are covered in this appendix. Analysing the stability, effec-
tiveness, and solvability of the numerical schemes employed in this thesis requires an understanding of

these characteristics.
A matrix A € R"*" is called tridiagonal if:
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b1 Cl 0 0
a by o ' :
A=l . . . 0

an—1 by_1 cp-1

0 - 0 a5 by |

Only the main diagonal and the first sub- and super-diagonals contain non-zero elements.

1. Efficient Solvability: A tridiagonal system can be solved in &(n) time using the Thomas algo-

rithm.
2. Storage Efficiency: Requires storing only three vectors: a = [ap,...,a,], b = [b1,...,by,], ¢ =
[Cl,. .. ,Cnfl].

3. Stability under Diagonal Dominance: If |b;| > |a;| + |¢;| for all i, then the matrix is strictly diago-
nally dominant, which implies nonsingularity and stability of the numerical method.

4. Symmetric Positive Definite (SPD) Case: If A is symmetric and all its eigenvalues are positive,
then A is SPD. This is often true for matrices arising in diffusion problems with Neumann or
Dirichlet conditions.

5. Eigenvalue Bounds: Every eigenvalue A of a tridiagonal matrix lies within at least one Gershgorin
disc:
A —bi| < |ai| +|cil

This can be used to estimate the spectral radius and stability.

B2: Thomas Algorithm for Tridiagonal Systems

In this appendix, we present the Thomas algorithm, a simplified form of Gaussian elimination specif-
ically designed to solve tridiagonal linear systems.When solving differential equations using the Finite
Difference Method (FDM) , the continuous domain is replaced with a discrete grid, converting the differ-
ential equation into a system of linear equations. This system is often tridiagonal, where each equation
involves three adjacent unknowns (variables), corresponding to the neighboring grid points. To solve
this tridiagonal system, we use a specialized algorithm, such as the Thomas algorithm, The algorithm
is an efficient direct method designed specifically for tridiagonal matrices, reducing the computational
complexity from O(n?) (in general Gaussian elimination) to O(n), where n is the number of grid points
or unknowns.

The basic steps of the Thomas algorithm are:

1. Forward Elimination: This step modifies the coefficients of the system to eliminate the terms
below the main diagonal, transforming the system into an upper-triangular form.

2. Back Substitution: After forward elimination, the system is solved by back-substitution, starting
from the last equation and moving upward.

53



By using this method, we can efficiently solve the system of linear equations arising from the finite
difference discretization of the differential equation. A tridiagonal matrix looks like this:

al bl 0 0 0

c1 a bz 0 0

0 ¢ a3 b 0
a=|. 207 :

0O ... 0 Cn—1 an bn,1

_O ... 0 0 ¢ ap |

The system of equations associated with the matrix is:

Ax=Db
Where:
X = [x1,X2,...,%,]7 is the vector of unknowns.
b = [b1,bs,...,b,]" is the constant vector.

To solve a tridiagonal system efficiently, we use the Thomas algorithm. The Thomas algorithm is a spe-
cialized form of Gaussian elimination for tridiagonal systems, which reduces computational complexity
to O(n).

Thomas Algorithm Steps Given a system:

a1x1+bixx =d;

c1x1 +axxy +boxy =dj

Cn—1Xp—2+an_1Xp—1+ bn—lxn - dn—l
Cp—1Xn =dp

Forward Elimination: first eliminate the variables below the main diagonal, transforming the system into
an upper-triangular form. For each row i (from 2 to n):

/
w; = , Ci=ci—wbi_
Ci—1

dl{ = di - Widi—l

Back Substitution: Once the system is in upper-triangular form, we can back-substitute to find the

unknowns:
d/
n
Xn =7
(&

!
d; — bixiy1
Xp=
Ci

fori=n—1,n-2,...,1

This will provide the solution of Tri-diagonal System of equations.
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